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This work presents an experimental geometric optimization study
to maximize the total heat transfer rate between a bundle of finned
tubes in a given volume and a given external flow both for circu-
lar and elliptic arrangements, for general staggered configura-
tions. The results are reported for air as the external fluid, in the
range 2650�Re2b�10,600, where 2b is the smaller ellipse axis.
Experimental optimization results for finned circular and elliptic
tubes arrangements are presented. A relative heat transfer gain of
up to 80% �Re2b=10,600� is observed in the elliptic arrangement
optimized with respect to tube-to-tube spacings, as compared to
the optimal circular one. A relative heat transfer gain of 80% is
observed in the three-way optimized elliptic arrangement in com-
parison with the two-way optimized circular one; i.e., with respect
to tube-to-tube and fin-to-fin spacings. An empirical correlation
for the three-way optimized configuration was obtained to evalu-
ate the resulting maximized dimensionless heat transfer
rate. �DOI: 10.1115/1.2712860�

Keywords: heat transfer enhancement, constructal theory, inter-
nal geometry

1 Introduction
Finned cross-flow heat exchangers are part of numerous engi-

neering processes in industry and are unquestionably responsible
for a large share of the total energy consumption wherever they
are present �1–12�.

In this work, the geometric optimization of design parameters
for maximum heat transfer is pursued experimentally. The basic
idea is to analyze the heat transfer gain using elliptic tubes heat
exchangers as compared to the traditional circular ones when
varying the following design parameters: �=fin-to-fin spacing; e
=ellipses’ eccentricity, and S=spacing between rows of tubes.
Hence, the problem consists of identifying a configuration �inter-
nal architecture, shape� that provides maximum heat transfer for a
given space �13�.

The paper describes a series of experiments conducted in the
laboratory in the search for optimal geometric parameters in gen-
eral staggered finned circular and elliptic configurations for maxi-
mum heat transfer in turbulent flow. Circular and elliptic arrange-
ments, with the same flow obstruction cross-sectional area, are
then compared on the basis of maximum total heat transfer and
total mass of manufacturing material.

2 Theory
Dimensionless variables have been defined based on appropri-

ate physical scales as follows

� =
T − T�

Tw − T�

Re2b =
u��2b�

�
�1�

The dimensionless overall thermal conductance q̃, or volumet-
ric heat transfer density, is defined as follows �14–16�

q̃ =
Q/�Tw–T��

kLHW/�2b�2 �2�

where the overall heat transfer rate between the finned tubes and
the free stream, i.e., Q, has been divided by the constrained vol-
ume, LHW; k is the fluid thermal conductivity �W m−1 K−1�, and
2b=D the ellipse smaller axis or tube diameter.

A balance of energy in one elemental channel states that

Q = NecQec = Necṁeccp�T̄out–T�� �3�

where Nec is the number of elemental channels. The elemental
channel is defined as the sum of all unit cells in direction z. There-
fore, the mass flow rate �kg s−1� entering one elemental channel is

ṁec = �u���S + 2b�/2��W–nftf� �4�
The number of fins in the arrangement is given by

nf =
W

tf + �
�5�

The dimensionless overall thermal conductance is rewritten utiliz-
ing Eqs. �2�–�5� as follows
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q̃ =
Nec

2
Pr Re2b�2b

L
�22b

H
� S

2b
+ 1��1 − � f��̄out �6�

where � f =nftf /W= tf / tf +�, is the dimensionless linear fin density
�0�nftf �W�, and Pr the fluid Prandtl number; i.e., � /�.

For the sake of generalizing the results for all configurations of
the type studied in this work, the dimensionless overall thermal
conductance is alternatively defined as follows

q̃* =
2

Nec
� L

2b
�2 H

2b
q̃ = Pr Re2b� S

2b
+ 1��1 − � f��̄out �7�

The volume fraction occupied by solid material in the arrange-
ment is given by

Ṽ =
W

L3 	nt	�ab–�a − tt��b − tt�� + � f�LH − nt	ab�
 �8�

where tt is the thickness of the tube wall �m� and nt is the total
number tubes of the arrangement.

3 Experiments
The same experimental rig that was utilized in previous studies

for the laminar regime �14–16� was re-utilized in the laboratory to
produce the necessary experimental data to perform the experi-
mental optimization of finned arrangements. The forced air flow
was induced by suction with an axial electric fan, with a nominal
power of 1 HP, and was capable of providing air free-stream ve-
locities �u�� up to 20 m s−1.

The objective of the experimental work was to evaluate the
volumetric heat transfer density �or overall thermal conductance�
of each tested arrangement by computing q̃* with Eq. �7� through

direct measurements of u��Re2b�, and T̄out, T̄W, and T���̄out�. The
volume fraction occupied by solid material in the arrangement,

i.e., Ṽ, was also evaluated according to Eq. �8�, in order to com-
pare the resulting total volume of solid material of the elliptic and
circular arrangements.

Five runs were conducted for each experiment. Steady-state
conditions were reached after 3 h in all the experiments. The pre-
cision limit for each temperature point was computed as two times
the standard deviation of the five runs �17�. It was verified that the
precision limits of all variables involved in the calculation of q̃*

were negligible in comparison to the precision limit of �̄out, there-
fore Pq̃*

= P�̄out
. The thermistors, anemometer, properties, and

lengths bias limits were found negligible in comparison with the
precision limit of q̃*. As a result, the uncertainty of q̃* was calcu-
lated by

Uq̃*

q̃*

= ��Pq̃*

q̃*
�2

+ �Bq̃*

q̃*
�2�1/2

�
P�̄out

�̄out

�9�

Several free-stream velocities; set points were tested, such that
u�=2.5, 5.0, 7.5, and 10.0 m s−1, corresponding to Re2b=2650,
5300, 7950, and 10,600, respectively, which covered a significant
portion of the air velocity range of interest for typical air condi-
tioning applications; i.e., 1.8 m s–1�u��18.2 m s−1 �2�. For
those values of Re2b, the turbulent flow regime is observed. The
largest uncertainty calculated according to Eq. �10� in all tests was
Uq̃*

/ q̃*=0.075.

4 Results and Discussion
For each tested Reynolds number �Re2b�, the three-way optimi-

zation procedure was performed according to the following steps:
�i� for a given eccentricity, the dimensionless overall thermal con-
ductance q̃* was computed with Eq. �7�, for the range of tube-to-
tube spacings 0.1�S /2b�1.5; �ii� the same procedure was re-

peated for several eccentricities, i.e., e=0.4, 0.5, 0.6, and 1; and
�iii� steps �i� and �ii� were repeated for different fin-to-fin spacings
configurations; i.e., � f =0.006, 0.094, and 0.26.

This study presents experimental optimization results for a
higher range of Reynolds numbers than in previous optimization
studies for finned elliptic tubes arrays �15,16�, i.e., for Re2b
=2650, 5300, 7950, and 10,600, therefore investigating the turbu-
lent flow regime.

The first step of the three-way optimization procedure is docu-
mented by Figs. 1�a�–1�c�, which show the experimental optimi-
zation of the same tube-to-tube spacing, S /2b, for e=1, 0.6, and
0.5, respectively, for a fixed fin-to-fin spacing � f =0.006. It is
observed that the maximum is less pronounced for lower values of
Re2b. This phenomenon is physically expected based on the fact
that heat transfer increases as mass flow rate increases.

The experiments have shown that �S /2b ,e�opt��0.5,0.6� for
� f =0.006. Indeed, Fig. 2 depicts the one-way maximized q̃*,m
values obtained experimentally for 0.5�e�1, for a fixed fin-to-
fin spacing � f =0.006. As Re2b increases, the importance of opti-
mal design is noticeable as turbulence takes place.

Figure 3�a� illustrates the existence of a local optimal fin-to-fin
spacing, �� f� for �S /2b�opt=0.5 and e=1 �circular tubes�. Figure
3�b� reports the results of the three-way global optimization with
respect to the three degrees of freedom, S /2b, e, and � f, obtained
after performing the three steps of the optimization procedure.
The geometric parameters were determined experimentally such
that q̃* was maximized three times; i.e., �S /2b ,e ,� f�opt
��0.5,0.6,0.094�. The three-way optimized internal configura-
tion is “robust” with respect to the variation of the Reynolds num-
ber. A correlation for 2650�Re2b�10,600 is given by

q̃*,mmm = 2943.8 − 0.16778 Re2b + 0.00019174 Re2b
2 R = 0.9978

�10�
Figure 4 shows the experimentally determined points for

q̃*,mmm, and a curve plotted with Eq. �10�. The q̃*,mmm trend with
respect to the variation of Re2b is well approximated.

In sum, a heat transfer gain of up to 80% was observed in the
three-way optimized elliptic arrangement of Fig. 3�b�, as com-
pared to the two-way optimized circular one.

Figure 5 shows the volume fraction of solid material computed
with Eq. �9�. When the dimensionless fin density is small, the

volume fraction of solid material �Ṽ� increases as eccentricity de-
creases �from 0.033 at e=1 to 0.053 at e=0.4, for � f =0.006�.
Such trend is inverted as the number of fins increases. For ex-

ample, the volume fraction Ṽ�0.104 for e=0.5, 0.6, and 1, for

� f =0.094, and Ṽ=0.215, 0.222, and 0.238 for e=0.5, 0.6, and 1,
respectively, for � f =0.26, as is shown by Fig. 5. Thus, for the
three-way optimized elliptic configuration, with � f ,opt=0.094, the
volume fraction of solid material of the elliptic arrangement is the
same as the circular one. Therefore, the same amount of material
is required for manufacturing both the three-way optimized ellip-
tic arrangement and the circular one with the same dimensionless
fin density.

5 Conclusions
Several experimental arrangements were built in the laboratory

and many test runs were conducted in a wind tunnel in turbulent
forced convection. The internal geometric structure of the arrange-
ments was optimized for maximum heat transfer. Better global
performance is achieved when flow and heat transfer resistances
are minimized together. Optimal distribution of imperfection rep-
resents flow architecture, or constructal design �13�.

A comparison criterion was adopted as in previous studies
�1–3,14–16�, i.e., establishing the same air input velocity and flow
obstruction cross-sectional for the circular and elliptic arrange-
ments, to compare the arrangements on the basis of maximum
heat transfer in the most isolated way possible. An optimal set of
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geometric parameters was determined experimentally such that q̃*
was maximized three times, i.e., �S /2b ,e ,� f�opt��0.5, 0.6, 0.094�,
where the three-way maximized dimensionless heat transfer rate is

achieved. The three-way optimized elliptic arrangement exhibits a
heat transfer gain of up to 90% relative to the optimal circular
tube arrangement. A compact analytical correlation was proposed
to estimate the actual three-way maximized heat transfer rate in
the design of elliptic tubes heat exchangers of the type studied in
this paper. For the three-way optimized elliptic configuration, with
� f ,opt=0.094, the volume fraction of solid material of the elliptic
arrangement is the same as the circular one. The heat transfer
gain, and a similar amount of material to manufacture both ar-
rangements show that the elliptic tubes optimized arrangement has
the potential to deliver significantly higher global performance
than the circular arrangement, with a similar investment cost.

Nomenclature
a 
 larger ellipse semi-axis, m
b 
 smaller ellipse semi-axis, m

Ba 
 bias limit of quantity a
cp 
 fluid specific heat at constant pressure,

J kg−1 K−1

D 
 tube diameter, m
e 
 ellipses eccentricity: b /a

H 
 array height, m
k 
 fluid thermal conductivity, W m−1 K−1

Fig. 1 „a… One-way experimental optimization results „e=1 and Re2b=2650, 5300, 7950, and 10,600…;
„b… one-way experimental optimization results „e=0.6 and Re2b=2650, 5300, 7950, and 10,600…, and „c…
one-way experimental optimization results „e=0.5 and Re2b=2650, 5300, 7950, and 10,600…

Fig. 2 Two-way optimization of finned arrangements with re-
spect to tube-to-tube spacing and eccentricity
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L 
 array length, m
L /2b 
 array length to smaller ellipses axis aspect

ratio
ṁec 
 fluid mass flow rate entering one elemental

channel, kg s−1

nf 
 number of fins
nt 
 total number of tubes in the arrangement
N 
 number of tubes in one unit cell

Nec 
 number of elemental channels
tf 
 fin thickness, m
tt 
 tube thickness, m
T 
 temperature, K

T̄ 
 average fluid temperature, K
Pr 
 fluid Prandtl number: � /�
Pa 
 precision limit of quantity a
q̃ 
 dimensionless overall thermal conductance, Eq.

�2�
q̃* 
 dimensionless overall thermal conductance, Eq.

�7�
Q 
 overall heat transfer rate, W

Qec 
 heat transfer rate of one elemental channel, W
R 
 statistics correlation coefficient

Re2b 
 Reynolds number based on smaller ellipse
semi-axis length: u��2b� /�

S 
 spacing between rows of tubes, m
S /D 
 dimensionless spacing between rows of tubes

�circular arrangement�
S /2b 
 dimensionless spacing between rows of tubes

�elliptic arrangement�
Ua 
 uncertainty of quantity a

Ṽ 
 volume fraction, Eq. �8�
W 
 array width, m

Greek Symbols
� 
 thermal diffusivity, m2/s
� 
 fin-to-fin spacing, m
� 
 dimensionless temperature

�̄ 
 dimensionless average fluid temperature
� 
 fluid kinematic viscosity, m2 s−1

� 
 density, kg m−3

� f 
 dimensionless fin density in direction z

Subscripts
m 
 1-way maximum

Fig. 3 „a… Two-way optimization of finned circular arrangements with respect to tube-to-tube and
fin-to-fin spacing, and „b… three-way optimization of finned arrangements with respect to tube-to-tube
spacing, eccentricity and fin-to-fin spacing.

Fig. 4 The three-way maximized dimensionless heat transfer
rate with respect to Re2b

Fig. 5 The total solid volume fraction of the arrangements
with respect to eccentricity and fin-to-fin spacing
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mm 
 2-way maximum
mmm 
 3-way maximum

opt 
 optimal
out 
 unit cell outlet

w 
 tube surface
� 
 free-stream
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